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Abstract 

In this paper, we study comparison theorem, nonlinear Feynman-Kac 
formula and Girsanov transformation of the following BSDE driven by a 
G-Brownian motion. 

Ft = C + /(s, Ys,Zs)ds + g{s, Ys,Zs)d{B)s 

T 

ZsdBs - {Kt - Kt), 

where K \8 a. decreasing G-martingale. 
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1 Introduction 

Recently, Peng systemically established a time-consistent fully nonlinear expec- 
tation theory (see [H], [1^ and ^23,). 
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As a typical and important case, Peng (2006) introduced the G-expectation 
theory (see [24| and the references therein). In the G-expectation framework (G- 
framework for short), the notion of G-Brownian motion and the corresponding 
stochastic calculus of Ito's type were established. 

The solution of a BSDE driven by G-Brownian motion consists of a triple of 
processes {Y,Z,K), satisfying 

Yt=^ + J f{s,Y,,Zs)ds + J g{s,Y,,Zs)d{B), (1.1) 

T 

ZsdB, - {Kt - Kt). 

The existence and uniqueness of the solution {Y, Z, K) for (|l.ip is proved in [7]. 
In this paper, we further consider the related topics associated with this kind 
of G-BSDEs. 

We first study the comparison theorem which is one of the most important 
properties of BSDEs. In order to prove this theorem, the explicit solutions of 
linear G-BSDEs are obtained. In order to do this it seems that we have to 
define the dual forward equations in an extended G-expectation space if the 
linear G-BSDEs include the ds term. The Gronwall inequality is derived as a 
by-product which is interesting by itself. 

Then we explore the link between G-BSDEs and partial differential equations 
(PDE for short). It is well known that under a strong elliptic assumption, Peng 
[13] established a probabilistic interpretation of a system of quasi-linear PDEs 
via classical BSDEs. Then Peng and Pardoux & Peng [T3| obtained this in- 
terpretation for possibly degenerate situation. This interpretation establishes a 
one to one correspondence between the solution of a PDE and the corresponding 
classical BSDE, i.e. the so-called nonlinear Feynman-Kac formula. Peng gave 
the nonlinear Feynman-Kac Formula for a special type of G-BSDEs in [21] . In 
this paper, we consider the following type of G-FBSDEs: 

dXl-^ = bis,X'/)ds + h,,is,X'/)d{B\B^), + a,{s,X'/)dBi, = ^, 




fT 

- / Z^'^dBr - {K'/ - Kl'^), 
J s 

Set u{t,x) := y/'^. We prove that u{t,x) is the unique viscosity solution of the 
following PDE: 

J dtu + F{Dlu, DxU,u,x,t) ~ 0, 
{ uiT,x)^^x), 

where 

F{D^u, DxU, u, X, t) =G{H{Dlu, D^u, u, X, t)) + {b{t, x), D.^u) 

-I- f{t, X, U, {<Ti{t, x), D.j:U), . . . , (crrf(t, x), D^u)), 
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Hij{D'^u, DxU,u,x,t) ={D'^uai{t,x),(Tj{t,x)) +2{DxU,hij{t,x)) 

+ '^9ij{t, X, u, {ai{t, x),D^u),. . . , {(Td{t, x), D^u)). 

Finally, we study the Girsanov transformation. Different from 11 and |31j . 
we discuss the Girsanov transformation of the following form: 

Bt -.^Bt- f hds~ f dl^d{B\B^)s. 
Jo Jo 

We give a direct and simple method to prove that Bt is a G-Brownian motion 
under a consistent sublinear expectation. 

The paper is organized as follows. In section 2, we present some preliminaries 
for stochastic calculus under G-framework. The explicit solutions of linear G- 
BSDEs and the comparison theorem are established in section 3. In section 4, 
we obtain the nonlinear Feynman-Kac formula for a fully nonlinear PDE. We 
prove the Girsanov transformation for G-Brownian motion in section 5. 

2 Preliminaries 

We review some basic notions and results of G-expectation, the related spaces 
of random variables and the backward stochastic differential equations driven 
by a G-Browninan motion. The readers may refer to [7], [19], [20], [21], [22], 
[24] for more details. 

Definition 2.1 Let be a given set and let % he a vector lattice of real valued 
Junctions defined on $7, namely c ^ H for each constant c and \X\ G T-l if X £ T-l. 
% is considered as the space of random variables. A sublinear expectation K onH 
is a functional E : "H — >■ M satisfying the following properties: for all X,Y (z %, 
we have 

(a) Monotomcity: If X > Y then E[X] > E[Y]; 

(b) Constant preservation: E[c] — c; 

(c) Suh-additivity: t[X + Y]< t[X] + IE[r]; 

(d) Positive homogeneity: ¥\\X] = XE,[X] for each A > 0. 

E) is called a sublinear expectation space. 

Definition 2.2 Let Xi and X2 be two n-dimensional random vectors defined 
respectively in sublinear expectation spaces (r2i,7^i,Ei) and (r22, 'H2, £2). They 

are called identically distributed, denoted by Xi == X2, ifEi[ip{Xi)] = E2[<^(X2)], 
for all if £ G;.Lip(R"), where G;.Lip(R") is the space of real continuous functions 
defined on R" such that 

\^{x)-^{y)\<C{l + \x\'' + \y\'')\x-y\ for all x,y e , 

where k and C depend only on tp. 
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Definition 2.3 In a sublinear expectation space (f2,?^,E), a random vector 
Y = (^1,- • 'i^n); Yi S "H, is said to he independent of another random vec- 
tor X ~ {Xi, ■ ■ -jXm), Xi E % under E[-], denoted by YJ-X, if for every test 
function ip G Ci.Mp{W^ x M") we have t[ip{X,Y)] = t^[ip{x,Y)]x=x]- 

Definition 2.4 (G-normal distribution) A d-dimensional random vector X = 
{Xi,- ■ -^Xd) in a sublinear expectation space (Jl,'H,¥i) is called G-normally 
distributed if for each a,b > we have 

aX + bX= Va^T¥x, 

where X is an independent copy of X , i.e., X ^ X and XJ-X. Here the letter 
G denotes the function 

GiA) := ^E[{AX,X)] : §d ^ R, 
where Sd denotes the collection of d x d symmetric matrices. 

Peng [22| showed that X = {Xi,- ■ -jXd) is G-normahy distributed if and 
only if for each ip e GtupiR'^), u{t,x) := t[ip{x + ^/tX)], {t,x) e [0,oo) x W^, 
is the solution of the following G-heat equation: 

dtu - G{Dlu) = 0, u(0, x) = if{x). 

The function G(-) : — !■ M is a monotonic, sublinear mapping on 
and G{A) = }-k[{AX,X)] < i|A|IE[|X|2] =: 11^1^2 implies that there exists 
a bounded, convex and closed subset F C S^^ such that 

G{A) = isuptr[7A], 

where §J denotes the collection of nonnegative elements in Sd- 

In this paper, we only consider non-degenerate G-normal distribution, i.e., 
there exists some > such that G{A) - G{B) > (T^tj:[A - B] for any A> B. 

Definition 2.5 i) Let flT = Go([0, T]; M''), the space of real valued continuous 
functions on [0, T] with ujq — 0, be endowed with the supremum norm and let 
Bt{uj) = ujt be the canonical process. Set 

:= MB*,,..., St J : n > G [0,r],^ e G.L,p(R'^><")}. 

Let G : Sd ^ R be a given monotonic and sublinear function. G- expectation is 
a sublinear expectation defined by 

for all X = <y5(Sti - Bta,Bt2 - Bt^,- ■ -^Bt,^ - Bt„^_J, where ^i,- • •,^„ are 
identically distributed d-dimensional G-normally distributed random vectors in 
a sublinear expectation space (O, H, E) such that ^i+i is independent o/(^i, 
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for every z = 1, • • •, m — 1. The corresponding canonical process Bt — {Bl)f^^ is 
called a G-Brownian motion. 

a) Let us define the conditional G-expectation Et o/^ G knowing T-L^, for 
t G [0, T] . Without loss of generality we can assume that ^ has the representation 
£, = ifiBt^ - Btg,Bt^ ~ Bt^,- ■ ■,Bt^ - Bt^_^) with t = t^, for some I <i <m, 
and we put 

EMBt,~Bt,,Bt,^Bt„--;Bt„^-Bt„^_,)] 
= V'iBti - Btg,Bt2 ~ Bt^,- ■ -.Bt^ - Bt-_-^), 

where 

(p{xi, ■ ■ -^Xi) = E[ip{xi, ■ ■ -.Xi.Bt,^^ - Bt,, ■ ■ ■,Bt^ - Bt^_^)]. 



Define \\i\\p,G = for C G "H?. and p > 1. Then for all t G [0,r], 

Et[-] is a continuous mapping on T-L^p w.r.t. the norm || • ||i,g- Therefore it can be 
extended continuously to the completion L^{VLt) of Ti!^ under the norm || • ||i.g- 

Let Upinr) ■.^MBt,,...,BtJ ■.n>l,ti,...,tne [0,T],^ £ Cb.L^p{R'''''')}, 
where Cb.Lipi^'^^'^) denotes the set of bounded Lipschitz functions on M''^". 
Denis et al. |5] proved that the completions of Cb(Or) (the set of bounded 
continuous function on fir), 'H^ and Lipiflx) under || • \\p^G are the same and 
we denote them by L^{ilT)- 

For each fixed a G M'', Bf = (a, Bf ) is a 1-dimensional Ga-Brownian motion, 
where Ga(a) = i(^L-"+ -^-aa-"")- ^L- = 2G(aa^), a\^^ = -2G(-aa^). 
Let TT^ = {tg , • • • , t^}, N — 1,2, ■ ■ ■ , he a. sequence of partitions of [0, t] such 
that /i(7r^) = max{|i^j^ — tf^\ : i = 0, • • • , — 1} ^ 0, the quadratic variation 
process of B'^ is defined by 

Af-l 



lim y{B% ~B%f 



For each fixed a, a G M'', the mutual variation process of B'^ and B'^ is defined 

by 

(E^BS)t = i[(B'>+5)^-(i?--«)t]. 



Definition 2.6 Let Mq{Q,T) he the collection of processes in the following 
form: for a given partition {to, • • ■,tN} — ttt of [0,r], 

N-l 

where G Ljp(fltJ, i = 0, 1, 2, • • •, - 1. For p > 1 and r] € M^{0,T), 
let hlUg - {E[(/„^|77,|2ds)f/2]}i/p, ll^ll^.g = {E[/„^|77,|fds]}Vp and denote 
by H'^{0,T), Afg(0,T) the completions of M^{0,T) under the norms \\ ■ \\ , 
II • IImj respectively. 
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Theorem 2.7 ('flK^'^ There exists a weakly compact set V C A4i{^It), the set 
of probability measures on (yiT,13{^T)), such that 

E[^] = sup Ep[^] for all(,e H^t- 
Per 

V is called a set that represents E. 

Let P be a weakly compact set that represents E. For this V, wc define 
capacity 

c{A) := sup P(A), A e S(1)t). 

Per 

A set A C r^T is polar if c{A) = 0. A property holds "quasi-surely" (q.s. for 
short) if it holds outside a polar set. In the following, we do not distinguish two 
random variables X and Y it X = Y q.s.. We set 

hP{nt) := {X e B{nt) -. sup Ep[\X\p] < 00} for p>l. 

Per 

It is important to note that LQ{i}t) C lJ'{rtt)- We extend G-expectation E to 
L^'(r2t) and still denote it by E, for each X E h^{n,T), we set 

E[A:] = sup Ep[X]. 
Per 

For p> I, LP(f2f) is a Banach space under the norm (]E[| • 
Set 

n 

ly^^^'iCiT) := {e = : A, e B{nt),n, e G N}, 

we define the corresponding conditional G-expectation, still denoted by 
by setting 

n n 

Es[J2v^IA,] ^IEs[?7»]^A, for s > t. 

i=l i=l 

Proposition 2.8 (f^I) For each ^,r] € LJ^^'*(^2t): we have 

(i) Monotonicity: If (, < rj, then Es[^] < ^siv] for any s > t; 

(ii) Constant preserving: If ^ E iJ^^'* {fit), then Ef [^] — 

(iii) Sub-additivity: Es[^ + J?] < '^s[£] + ^s[ri\ for any s > t; 

(iv) Positive homogeneity: If £, E lJ^°°'* {fit) and > 0, then Ef[^?7] = ^£([77]; 

(v) Consistency: For t < s < r, we have Es[Er[^]] = Es[^]. 

(vi) E[Et[C]]=E[C]. 
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Let If^finr) be the completion of L^P'*(fiT) under the norm (E[| • \p])'^/p. 
Clearly, the conditional G-expectation can be extended continuously to L^* (^t)- 

Set 



i=0 

Forp > 1, we denote by Mp{0, T), Hp(0, T), T) the completion of MP'°(0, T) 

under the norm ||r,||Mp := (E[/„^ |ryt|Pd<])i/p, ||r;||HP := {E[(/„^ |77t|2dt)P/2]}i/p, 

||?7||sp := (E[supjg[Q |?7t|^])^^^ respectively. Following Li and Peng [ID], for 

each -q S IHIP(0,T) with p > 1, we can define Ito's integral rjsdBs- Moreover, 
by Proposition 2.10 in [10] and classical Burkholder-Davis-Gundy Inequality, 
the following properties hold. 

Proposition 2.9 For each r],0 ^ IHI"(0,T) with a>l andp>0, ^ e L°°(fit); 
we have 

i-T 



E[ / r]sdB,] = 0, 
Jo 



£%E[( r Ivsl^dsf/^] < E[ sup I f VsdBsH < aPCpt[{ f \7^,\^dsY/\ 
Jo te[o,T] Jo Jo 

{^7^s+0s)dBs^^ TjsdB, + J^ 9,dB„ 
where < Cp < Cp < oo are constants. 

Remark 2.10 If rj E Hq{0,T) with a > 1 and p e (0,a], then we can get 
sup„e[t,T] \ It"' VsdBs\P £ ^gI^t) and 

nT nU pT 

a%Et[(/ \vs\'dsr/^]<Et[ snp \ r^,dB,\P] < a^Cpttli \Vs?dsY'% 
Jt «e[t,T] Jt Jt 

Definition 2.11 A process {Mt} with values in LQ{flT) is called a G-martingale 
ifEs[Mt] = Ms for any s <t. 

Let ^0(0, T) = {h{t, Bt,M, ■ ■■,Bt,^^t) : ti, . . . , t„ £ [0, T], e Cb,L«p(K"+^)}. 
For p > 1 and 77 e 50(0,r), set hUgP = {E[sup,g[o,j.j W]}-- Denote by 
5^(0, T) the completion of S^{Q,T) under the norm || • Hsg . 

We consider the following type of G-BSDEs (in this paper we always use 
Einstein convention): 

^t^^ + l f{s,Y,,Zs)ds + g,j{s,Y,,Zs)d{B\B^)s 

ZsdB,-{KT~Kt), (2.1) 

where 
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f{t, uj, y, z),g,j{t, uj, y, z) : [0,T] x x R x R"" ^ R 



satisfy the following properties: 

(HI) There exists some /3 > 1 such that for any y,z, f{-,-,y,z),gij{-,-,y,z) € 



\f{t,y,z)-f{t,y',z')\+Y, \9^J{t,y,z)-g,,{t,y',z')\ < L{\y-y'\ + \z^z'\). 



For simplicity, we denote by 6^.(0, T) the collection of processes {Y,Z,K) 
such that r e S'g(0, T), Z e i/g(0, T; R'^), K is a decreasing G-martingale with 
Kq = and Kt G L2;{^t)- 

Definition 2.12 Let £, e L^q{^t) and f satisfy (HI) and (H2) for some /? > 1. 
A triplet of processes (Y, Z, K) is called a solution of equation \2. l\l if for some 
1 < a < 13 the following properties hold: 



(a) e©g(0,T); 
(b) Yt^i + fis,Ys,Zs)ds + g,jis,Ys,Zs)d{B\B^),-J^ Z,dBs-{KT- 



Theorem 2.13 (1?^) Assume that ^ £ LQ[riT) and f, gij satisfy (HI) and 
(H2) for some /3 > 1. Then equation \2.1\) has a unique solution (Y,Z,K). 
Moreover, for any I < a < P we have Y G S^{Q,T), Z e i/g(0,T;M'*) and 

We have the following estimates. 

Proposition 2.14 (J^) Let ^ € ^0(^1^) and f, gij satisfy (HI) and (H2) for 
some j3 > 1. Assume that {Y,Z,K) G &q{0,T) for some 1 < a < l3 is a 
solution of equation \2.1\) . Then 

(i) There exists a constant Ca ■= C{a,T,G,L) > such that 




d 




nif < a{E[ sup |ytr]+(E[ sup \Ytn)HE[{[ 




niKrH < CaM sup \Ytn + E[( / 



'te[a,T] Jo 



where /i^ = 1/(5, 0, 0)| + Et=i l5»j(s,0,0)|. 
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(ii) For any given a' with a < a' < j3, there exists a constant Ca,a' depending 
on a, a' , T , G, L such that 

n sup \Ytn < a.a'{E[ sup Et[ien] 

te[o,T] te[o,T] 

+ (E[ sup IEt[( / h°ds f ]])-^ +E[ sup Et[{ f h^.ds)"'' ]]} . 

Proposition 2.15 (Jp^J) Let e L^iflr) , / = 1,2, and f, satisfy (HI) 
and (H2') for some P > I. Assume that {Y\Z\K^) £ 6g.(0,T) for some 
1 < a < (3 are the solutions of equation 112. 1]) corresponding to ^' /' and g\^ . 
Set Yt = Y^^ - Zt = - Zf and Kt ^ K} - Kf. Then 

(i) There exists a constant Ca '■= C{a,T,G, L) > such that 

\Ytr < cAilir + Ikras], 

where | = e~e, k = \f\s, Y^^Zf)-f^s, Y^^ , Z^)\+j:- Ig^s, Y^^Z^)- 
9l{s.Y^,Zl)\. 

(ii) For any given a' with a < a' < l3, there exists a constant Ca,a' depending 

on a, ct , T , G, L such that 

n sup \Ytr] < c^,o.'{n sup tsn] 

te[o,T] te[o,T] 

+ (E[sup Et[{[ /i,ds)"']])^ +E[ sup Et[(/ hsdsf]]}. 

te[0,T] Jo t£[0,T] Jo 



3 Comparison theorem of G-BSDEs 

For simplicity, we consider 1-dimensional G-Brownian motion case. The results 
still hold for the case d > I. 



3.1 Explicit solutions of linear G-BSDEs 

Let (f}T,iG(^T),E) with = Go([0,T],M) be a G-expectation space. We 
consider the explicit solution of the following linear G-BSDE: 

Yt=i + j^ fsds + J^ gsd(B)s~J^ ZsdBs-{KT-Kt), (3.1) 

where fs = OsYs +bsZs + ms, gs = CsYs + dgZs+ns with {as}selo,T], {bs}selo,T], 
{cs}o<selo,T], {ds}selo,T] bounded processes in M^{Q,T) and £, e lI,{VLt), 
{ms}sg[o.T], {ns\ se[o.T\ £ -^^g('^'-^) '^ith /3 > 1. For this purpose we con- 
struct an auxiliary extended G-expectation space (f2y, i^(i77-), E'-^) with VIt = 
Go([0,T],M2) and 
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G{A) = ^ sup tr 



A 



V 1 
1 



, A e S2. 



Let {(i?f,_Bt)} be the canonical process in the extended space. 

Remark 3.1 It is easy to check that {B,B)t — t. In particular, if = ct^, we 
can further get Bt = o'~^Bt. 

Let {Xt}te[a,T] be the solution of the following G-SDE: 

Xt^l + f asXsds + f c,X,d{B), 
Jo Jo 



b,X,dBs. (3.2) 



It is easy to verfy that 



Xt = exp 



Jo 



b,d,)ds+ / Csd{B)s)£t£t , 



(3.3) 



where £f = exp(/J d^dB, - i /J dld{B)s), £f = exp{J^ b^dB^ - \ bld{B),) 



1 r* h2. 



Theorem 3.2 In the extended G- expectation space, the solution of the G-BSDE 
iS. 1\) can be represented as 



Yt^{Xt)-^Ef[XT^+ I msXsds+ I nsXsd{B}s] 



(3.4) 



where {Xt}t(£[o,T] is the solution of the G-SDE 



Proof. By applying Ito's formula to XtYt, we get 

XtYt+ I {XsZs + dsXsY,)dBs + I bsX,Y,dB.+ I X.^dK., 



XtS, 



n,X,d{B), 



By Lemma 3.4 in [2, we have {/g XsdKs\t£[o,T] is a G-martingale. Thus we 
S®* T T 

Yt = {Xt)-^tf[XTi+ [ msXsds+ [ nsX,d{B)s]. 

Jt Jt 

□ 



Remark 3.3 If h = 0, the solution of the G-BSDE fS^]) is 

Yt = {Xty%[XT^ + msXsds + J^ n,X,d{B)sl 

where Xt = exp{J^ Osds -\- /g(cs — ^dl)d{B)s + J*dsdBg). In this case, we do 
not need to construct an auxiliary space. If bt 7^ 0, the form of Xt contains B, 

T T 

Yt^Ef[X!r£,+ [ msXlds+ [ 
Jt Jt 



UsXldiB), 



10 



does not contain B, where Xl — Xs/Xf. For simplicity, we only give an expla- 
nation for ^ = ip{Bt), ,fs = bgZg with bg = ipiBg) and gg — in the G-BSDE 
iS.lp . In this case, 

Yt = tf[v{BT)eMj\{Bs)dBs -\ \^{B,)\''d{B) s)] 

= t^[^{x + B'j,)exp{J^ ^{x + Bl)dBs-^ \ij{x + Bl)\^d{B)s)]^=B,, 



which does not contain B, where Bl = Bg — B 



Note that E'^[£,] = E[^] for each ^ e Lg(rJT), thus this Y in TheoremlKMis 
the solution of the G-BSDE H3. 1\) in (TIt , LqITIt) ■ Here B is an auxiliary 
process and disappear by taking conditional expectation. 

Remark 3.4 Ifbs — 0, ds — 0, we have the following special type of G-BSDE: 
Yt=Et[^+ [ {asYs+ms)ds+ [ (c.r. + (3.5) 



where {as}sG[o.T]j {cs}se[o,T] are bounded processes in Mq{0,T) and ^ S ^^(£7), 
{ms}s&[o,T], {ns}se[o,T] G M^{0,T). By applying Theorem\3Mto f ^ = A 
A^) V {-N), mf = [ms A iV) V {~N), = (n^ A A^) V {-N) for each N > Q, 
we obtain that the explicit solution of the G-BSDE iS. 5\) is 



l-T i-T 



Yt^iXty'Et[XT^ + J m,X,ds + J n,X,d{B)s], (3.6) 

where Xt = exp(/g Osds + /J Csd{B)s). 

In the following, we explain why we have to extend the space. For simplicity, 
we only consider 

^t^^ + l Zsds-J^ ZsdBs- {Kt- Kt). 

In order to get the explicit solution of the above G-BSDE, we try to find a 
positive process X (not depending on Y, Z, K) such that XY is a G-martingale. 
Applying Ito's formula to XY , we have 

d{XtYt) = XtZtdBt + XtdKt - XtZtdt + Ztd{X, B)t + YtdXt. 

So as to guarantee that XY is a G-martingale, —XtZtdt + Ztd{X, B)t + YtdXt 
should be a symmetric G-martingale, which implies that X is a symmetric G- 
martingale and 

Xtdt^d{X,B)t. (3.7) 

By the representation theorem of symmetric G-martingales, we assume Xt = 
Xo -\- J^hsdBs for some h G M^(0,T). Then equation ([3?7| implies that 

Xtdt = htd{B)t. 



11 



By Corollary 3.5 in [30], we have X = if ct^ < ct^. So generally we cannot find 
a proper process X in the original G-expectation space. Actually, in Theorem 
13. 2[ we find a process X in the extended G-expectation space such that XY is 
a G-martingale instead of G-martingale. 

Sometimes we say a process Y S Sq{0,T) with some a > 1 is a solution of 
equation (|2.ip if there exist processes Z, K such that (F, Z, K) E ©g(0, T) is a 
solution of equation (12.11) . 

Proposition 3.5 Let K be a decreasing G-martingale with Kt € Lq{D,t) for 
some a > I. Assume that 

f{t,Kt,0)^g{t,Kt,0)^0. 
Then K is a solution of equation 112. 

Proof. It's easy to check that {K, 0, K) is a solution of equation (|2.ip . □ 



3.2 Comparison theorem of G-BSDEs 

Theorem 3.6 Let {Yl , Zl,Kl)t<T , * = 1,2, he the solutions of the following 
G-BSDEs: 

Yl f^{s, Y:, Zl)ds + g,{s, Y:, Zl)d{B)s - ZldBs ~ ^ " Kl), 

where f S L^i^r), f^,g^ satisfy (HI) and (H2) with ^ > 1. If > C^ /i > f2, 
9i>g2, thenYt^>Yl 

Proof. We have 

Yt+K^ = i + K^+ [ fsds+ [ g,d{B)s- ( Z^dB, - {K^ - K^), 
Jt Jt Jt 

where Yt = Y^^ - Y^^ Zt = Z^ - Zf, ^ = - > 0, = fi{s,Y^\ Zl) - 
/2(s, Y^,Z'^), cjs gi{s, Y}, Z]) - g2{s, Y^,Zl). For each given e > 0, we can 
choose Lipschitz function l{-) such that I[-e,e] ^ K^) — I[-2e.2e]- Thus we have 

Y,\ZI) - Y,',Zl) = Yl,Zl) - Y,',Zl))l{Ys) + a^Y, 

where a| = (1 - F/, Z]) - y,^, e M^iO, T) such that 

jojl < L. It is easy to verify that 

\{f,{sX,Zl) - f^{sX.Zl))l{Ys)\ < L\%\l{ys) < 2Le. 
Thus we can get 

fs = alYs + b^Zs +ms- ml, gs = c^K, + d^Zs + - n^, 

where |m^| < 4Le, < 4L£, m, = fi{s,Y^,Zl) - f2{s,Y^^,Z^) > and 
ns = 5i(s, Yg, Zg) — g2{s, Y^,Zg) > 0. By Theorem 13. 2i in the extended space, 
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we have 



= {X!)-^Ef[X^ii + K^) + J\ms - ml - af,Kl)Xlds 
+ j\n,-nl-clKl)Xld{B),] 

> (Xr)-iEf - j\ml + alK^)Xtds - j\nl + <f,Kl)Xld{B) 

> {Xir\tf[X'TK^T - [ <KlXlds ~ clKlXld{B),] 
- tf[j^ mlXtds + nlXld{B),]), 

where {-'^"t^}tg[o.T] is the solution of the foUowing G-SDE: 

= I alXlds+ I clXld{B)s+ [ dlXldBs+ [ blXIdB,. 
Jo Jo Jq Jo 

By Theorem 13.21 and Proposition I3.5[ we get 

{Xir^EfiX^K^ - j"^ alKlXlds - clKlXld{B),] = KI 



Thus 



%>-^Le{XI)-^E^[j^ \Xt\ds + J^ \XI\d{B),], 
which complete the proof by letting e —?' Q. □ 

Theorem 3.7 Let {Y^ , Zl, Kl)t<T , « = 1,2, be the solutions of the following 
G-BSDEs: 

Yl = f + f,{s)ds + 9^{s)d{B), +V^- VI - £ ZidBs - {Kir - Kl), 

where f,{s) = /,(s,r;,Z]), g,{s) = g^{s,Y;!,Zl), f eL'^^inr), ft,gt satisfy 
(HI) and (H2), {V^)t<T are ROLL processes such that ]E[supjg[Qj^] < oo 

with (3 > 1. //^^ > /i > /2, ffi > .92, Vt^ — Vt '^^ (^ri increasing process, then 
Y,'>Y,\ 

Proof. The proof is similar to that of Theorem 13.61 □ 

Remark 3.8 If fi,gi, i = 1,2, do not contain Z, we get the following special 
G-BSDEs: 

n^EtlC+J^ f^{s,Y:)ds + g,is,Y:)d{B),]. 

The same as in Remark \S.4[ here we suppose that ^ G Lq(51), {fi{s,y)}seio.T] € 
Mq(0,T) and {gi{s,y)}s£[o,T] € -^'^g(0'-^) each y e R, and gi satisfy the 
Lipschitz condition with respect to y. The comparison theorem still holds for 
this case. 
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In the following, we give an example to show that the strict comparison 
theorem does not hold. 



Example 3.9 We consider the simplest G-BSDE: 



the solution Yt =Et[^],te [0,T]. Let = and ^'^ = {B)T-a'^T. It is easy to 
verify that > and E[^^-^^] > for the case a<a. But E[^i] = E[^'^] = 0. 

We now give an application of comparison theorem. 

Theorem 3.10 (Gronwall inequality) Let {Yt)t<T G Sq{0,T) satisfy 

Yt<Et[^+ [ f{s,Ys)ds+ [ g{s,Ys)d{B),], 



where ^ G L};in), {/(s, 2/)},6[o.t] € M^iO,T) and {^(s, 2;)}ae[o,T] e M^{0,T) 
for each y G M, / and g satisfy the Lipschitz condition with respect to y, 
f{-,yi) < f{-,y2) and g{-,yi) < g{-,y2) for each yi < y2. Then Yt < Yt, 
where {Yt)t<T is the solution of the following G-BSDE: 



Yt=Et[^+ [ f{s,Ys)ds+ [ g{s,Ys)d{B)s]. 
Jt Jt 

In particular, if f{s,y) = Ogy + rus, g{s,y) = Csy + Us, where Os > 0, Cs > 0, 
then ^ ^ 

Yt < {Xt)-^Et[XT^ + m,X,ds + J^ n,X,d{B),], (3.8) 
where Xt = exp(/g Osds + Csd{B)s). 
Proof. We set 

St^Et[C+ [ f{s,Y,)ds+ I g{s,Ys)d{B),]-Yt>G, 

then 



t Jt 



Yt + 5t^Et[^ + f{s,Ys)ds + J^ g{s,Ys)d{B)s] 

= Et[C + J^ fis,Ys + Ss-5s)ds + g{s,Ys + 5s-Ss)d{B)s]. 
Thus {Yt + St)t<T is the solution of the following G-BSDE: 

Yt^Et[^ + f{s,Ys^Ss)ds + g{s,Z-Ss)d{B)s]. 

By comparison theorem of G-BSDEs, we get Yt <Yf Thus Yt <Yt- By formula 
, we get dSj]). □ 
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4 Nonlinear Feynman-Kac Formula 



In this section, we give the nonhnear Feynman-Kac Formula which was studied 
in Peng [53] for special type of G-BSDEs. Let G : ^ M be a given monotonic 
and sublinear function such that G{A) — G{B) > CT'^tr[^ — B] for any A > B 
and Bt = {Bl)f^^ be the corresponding G-Brownian motion. We consider the 
following type of G-FBSDEs: 

dX'/ ^bis,X'/)ds + h,,is,X'/)d{B\B^), + a,is,Xl'i)dBi, Xl'^ ^ ^, (4.1) 



J s J a 

- 1^ Z'/dBr - {K'/ ~ Kl^^), (4.2) 

where b, h,j , a, : [0, T] x R" ^ M", $ : M" -> M, /, g^- : [0, T] x M" x K x M'^ ^ M 
are deterministic functions and satisfy the following conditions: 

(Al) h^j = hji and gij = gj^ for I <i,j <d; 
(A2) b, hij, Uj, /, gij are continuous in t; 

(A3) There exist a positive integer m and a constant L > such that 

d d 

\b{t,x)-b{t,x')\+Y. \h^J{t,x)-KJ{t,x')\+Y,\^o{t,x)-aJ{t,x')\ < L\x-x'l 
|$(x) - $(a;')| < L{1 + \xr + WDlx - x'l 

d 

\f{t,x,y,z) - f{t,x',y',z')\ + ^ \g^j{t, x,y, z) - g,j{t, x' ,y' , z')\ 

i,J = l 

< L[(l + \xr + \x'r)\x ~ x'l + \y- y'\ + \z - z'|]. 

We have the following estimates of G-SDEs which can be found in Chapter 
V in Peng [23]. 

Proposition 4.1 Let ^, ^' G iQ(ilt;M") with p > 2. Then we have, for each 

Se[0,T-t], 

E,[|x*^«,-x*;«;n<Gie-rr, 
%[\x'4sn<c{i + m, 
%[ sup - en < G(i + len'5p/^ 

sG[t,t+S] 

where the constant C depends on L, G, p, n and T . 
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Proof. For convenience of the reader, we sketch the proof. It is easy to verify 
that (X*'«),e[4,T], (X*'€'),e[t,T] S MP(0,r;R"). By Remark[230l we can get 

< cid^ - + /''"'mix'/ - xi-i'nds), 

where the constant Ci depends on L, G, p, n and T. By the Gronwall inequahty, 
we obtain 

M\xits - xi'Sn < ci eMCim - cr- 

Then we get the first inequahty. The other inequahties can be proved similarly. 
□ 

Proposition 4.2 For each ^, ^' e ig^+^rj*; R"), we have 

|y/^«-y/-«'i<c(i + ier + ier")ie-c'i, 
ir/'«i<c(i + ier+i), 

where the constant C depends on L, G, n and T . 

Proof. It follows from Proposition 12. 151 and Proposition 14. 1 1 that 

- < Ci{]Et[(i + |x^«r + |x^«'r)2|x^« - x'/\'^] 

+ tt[{i + ix*'«r + |x*^«'r)2|x*^« - x*^«'|2]ds} 

<C3(l + |^P™ + |^f™)|C-^?, 

where Ci, C2 and C3 depend on i, G, n and T. Thus we get |y/'^ — F/'"' | < 
C(l + kr + k'r)l?-?'l- By PropositionHH we can get < G(l + |^r"+i) 

by using the similar analysis. □ 

We are more interested in the case when ^ = a; e R". We define 

u{t, x) := r/'"', {t, x) e [0, T] X M". 

By Proposition 14.21 we immediately have the following estimates: 

\u{t,x) ~ u{t,x')\ < G(l + + \x'r)\x-x'\, 

\u{t,x)\<C{l + \xr+'), 
where the constant G depends on L, G, n and T. 

Remark 4.3 It is important to note that u{t, x) is a deterministic function 
of {t,x), because b, hij, aj, $, /, gij are deterministic functions and Bs '■= 
Bt+s — Bt is a G-Brownian motion. 
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The following theorem plays a key role in proving the Feynman-Kac formula. 
Theorem 4.4 For each ^ e L^"+^(f]f;R"), we have 

Proof. By Proposition 14.21 we only need to prove Theorem 14.41 for bounded 
£, G L^'''^(Ot;M"). Thus for each £ > 0, we can choose a simple function 

N 
1=1 

where {Ai)fLi is a S(ilt)-partition and Xi G M", such that — C| < e. It follows 
from Proposition 14.21 that 

n 

\Y!'i-uit,rj^)\^\Y,'^^-J2uit,x,)lA,\ 

4=1 

N 
i=l 

N 

i=l 

AT 

<j2c{i + \^rM-x,\iA, 

i=l 

AT 

= c(i + ienie-E^«^^.i 

4=1 

<c(i + ierK 

where the constant C depends on L, G, n and T. Noting that 

\u{t,0^u{t,r,-)\<Cil + \^n\^-v'\<Cil + \^ns, 

we get \yI'^ — u{t,^)\ < 2C(1 + |^|''")£. Since e can be arbitrarily small, we 
obtain y/'^ = □ 

We now give the Feynman-Kac formula. 

Theorem 4.5 Let u{t,x) := Yf''' for {t,x) € [0,r] x R". Then u{t,x) is the 
unique viscosity solution of the following PDE: 

j dtu + F[Dlu,D^u,u,x,t)^0, , , 

\ u{T,x) = ^ > 

where 

U, X, t) ^G{H{Dlu,D^u , u, X, t)) + {b{t, x),Dxu) 

+ f{t, X, U, {<Tl{t, X), D^U), {(Td{t, x), D^u)), 

Hij{Dlu, D^u, u, X, t) ={Dluai{t, x),aj(t, x)) + 2{D^u, h^jit, x)) 

+ 2g^j{t, X, u, (cti (i, x),D.j,u),. . . , {adit, x), D^u)). 
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Proof. The uniqueness of viscosity solution of equation (|4.3p can be found in 
Appendix C in Peng [24\ , we only prove that w is a viscosity solution of equation 

By Y^'fs = and Theorem SH we get F/^ ^ u{t + 6, X*^^) for 

S £[0,T-t] and 

rt+S 



ft+5 pt+S 

Taking G-expectation, we get 



t+<5 i-t+5 



where = /(r, X*'^, F,*'^, Z*-^), g*-' = ^^(r, X*'^, F^*'^, Z*'^). In order to prove 
that u is a viscosity solution, we first show that u is a continuous function. By 
Proposition 113 we know that \u{t,x) - u{t,x')\ < C(l + Ix]™ + - 
By Proposition O and Proposition l^Til we have Et[|X*fj -xp] < C{l + \x\'^)S 

and Et[|y^*'^|2 + |Z*^^|2dr] < C(l + \x\^"'+'^), where C depends on L, G, n 
and T. Thus we get 

a;) — u{t + S,x)\ 

< G{(1 + \xn{E[\Xl':s - xH)'/' + inj\\fr\' + \g?\')dr]y/'6'^'} 

< G(i + \xr+^)s^/^. 

It follows that u is a continuous function. For any fixed {t, x) S (0, T) x 
R", let ip e G2'3([0,r] X M") be such that = u{t,x) and 

+ + \dl,M^,x)\ + < + \xD for 

some TOi > 0. Let {Y,Z,K) be the solution of G-BSDE (|4?2]l on [t,t + 5] 
with terminal condition V(i + Set = - = 

Z, - i{ai{s,Xl'-),D,^{s,Xl'-))r-- A'^dis,Xl'-),D,^P{s,Xl^-))l Kj = A^,, 
applying Ito's formula to Yg — i^is,Xl'^), we obtain that {Y^ , Z^ , K^) is the 
solution of the following G-BSDE: 

Y}=j F^{r,Xy^X\Zl)dr + j F^^ {r, Xl^^ X\ Zl)d{B\ B'^)^ 

rt+S 

- J ZldBr - (Kl+s - Kl), 

where 

Fi{r,x,y,z) = f{r,x,y + tp{r,x),z + {{ai,D^tlj), • • • , {aj., D.^tp))ir,x)) 
+ dtip{r, x) + {b{r, x), Da^^ir, x)), 

F2 {r, X, y, z) = gij{r, x,y + %l^{r, x), z + {{cji, D^iIj) , ■■■ , {ad, D.^ilj)){r, x)) 
+ {Da:tp(r,x),hij{r,x)) + ^{Dl'^p{r,x)(J^{r,x),(Tj{r,x)). 
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Let (r, Z, K) be the solution of the following G-BSDE: 

Ys^j Fiir,x,Yr,Zr)dr+ I F'^\r,xX, Zr)d{B\ B')r 

rt+S 

- / ZrdBr - (lit+S - Ks). 
J s 

It is easy to check that Zg — 0, Ys is the solution of the following ODE: 

pt+5 

Ys^ / [Fi{r,x,Yr,0) + 2GiF2{r,x,Yr,0))]dr, 

J S 



Ks^ J Fl\r,x,Yr,Q)d{B\Bi)r~ j 2G(F2(r, i;, 0))dr, 

where F2(r,x,y^,0) = {F!^\r,x,Yr,Q))lj^-^. By Proposition HHJ we have for 
any fixed p> 2 

\n-Yt\^<n sup 

sG[t,t+<5] 

rt+S pt+S 

<C{(E[ sup E,[(/ FrdrYWflP + t[ sup E,[( / FrdrY]]}, 
se[t.t+s] Jt se[t,t+s] Jt 

where F, = |Fi(r, X^^^ f,, 0) - Fi{r, xX,0)\ + Xt'"" - 

F2'' {r, x,Yr,0)\. It is easy to verify that there exists a constant m2 > such 
that 

Fr < C(l + \xr^ + |X;'^r^)|X;'^ - x\. 

Then by Theorem 2.13 in 7 and Proposition 14.11 we can deduce that \Yf^ — 
Yt\ < C(l + |a;|"2+2)^l. By comparison theorem of G-BSDEs, we know that 
Yt > u{t,x), that is > 0. Then we get 

rt+S 

-C{l + \xr^+^)S'^^ < S-'Yt = S-^ / [Fi{r,x,Yr,0) + 2GiF2{r,x,Yr,0))]dr. 



Letting S ^ 0, we obtain Fi{t,x,0,0) + 2G(i^2(i, a;, 0, 0)) > 0, which implies 
that w is a viscosity subsolution. Similarly we can prove that u is a viscosity 
supersolution. □ 



5 Girsanov transformation 

5.1 Nonlinear expectations generated by G-BSDEs 

For simplicity, we consider the following G-BSDE driven by 1-dimensional G- 
Brownian motion. The results still hold for the case d > 1. 

Yt^'^ =e + 1^ fis, Y^'^,Zj'^)ds + 5(s, Z^^^)d{B), 

- £ Zj'^dBg-{K^'^-K^'^), (5.1) 
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where / and g satisfy the Lipschitz condition. We further suppose that /(s, y, 0) = 
g(s, y, 0) = 0. We define, for each f G L^{^t) with /3 > 1, 

It is easy to verify that for each Ti < T2 and ^ £ Lq{VLt^) with /3 > 1, lEt,Ti [C] = 
]Et^T2K]- Thus we use the notation Et[^]. 

Theorem 5.1 We have 

(1) For each > , we have tt[(^] > Et[£,'^]; 

(2) For each £, G L§(f]t) with /3 > 1, Et[^] = ^; 

(3) Et[E,[e]] 

(4) /// and g are positively homogeneous, then for each At G (fit), we /ia?;e 

(5) /// anrf.g are subadditive, then Et[^^ + <Et[£,^] +Et[£,'^]; 

(6) /// and g are convex, then Et[XtS.^ + (1 - \t)£.^] < XtEt[£.^] + (1 - At)]Et[^2] 

for each At G Fq (rit) 0?^^ At G [0, 1]; 

(7) For each ^ G L^(r2t;M"), 77 G L^(f7T;M"), $ G Cfc.L,p(R"+"), w;e We 

Et[$(e,?7)] =Et[$(x,77)],^^. 

(8) Let K be a decreasing G-martingale with Kt G LqI^It) for some a > 1. 

Then we have 

Es[Kt] = Kg, for any s <t. 

Proof. It is easy to get (l)-(3). (8) is straightforward from Proposition 13.51 
First we prove (6). (4) and (5) can be proved similarfy. Let Z^, K'^), i ^ 1,2, 
be the solutions of G-BSDE (|5.ip corresponding to ^\ We have for r G [t,T] 

Yr=i+ [ fsds + I ~gsd{B)s - + kl- I ZsdBs - {K^ - K^), 

J r J r J r 

where % = XtY^^ + (1 - At)!;^, | = At^^ + (1 - At)e^ /. = Xtf{s,Y},Zl) + 
(1 - Xt)f{s,Y^,Zl), ~gs = Xtg{s,Y},ZD + (1 - Xt)g{s,Y^ , Z^,), Z, = XtZ] + 
(1 — Xt)Zl, kl = XtKl, kl — [1 — Xt)kl. By the convexity of / and g, we get 
/s > f{s,Ys,Zs) and 5s > g{s,Ys,Zs)- Note that —kr is an increasing process, 
then by Theorem 13.71 we obtain Ef [^] < Yt, which imphes (6). 

We now prove (7). For each given n G N, we can choose G B{W^), 
i = 1, . . . , such that n A"^ = for i ^ j, U-;^iAf = R", {x : \x\ < n} C 
^iZi^^f and A(Af ) < 1/n for i < fc„ - 1, where X{A2) denote the diameter of 
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Ai. Let £ Af, by Proposition l2.15[ we have 

1=1 

1=1 

1=1 

= cEt[Y.iA'^{omx^,v)-'^{i,v)\% 



1=1 



where C is a constant independent of n. Note that 

1=1 

where L is the Lipschitz constant of $, then we get 

i=l 

<cn^+m\ioim>n]] 

£2 4||$|P - 
n 

On the other hand, by Proposition 12. 15[ . we know that there exists a constant 
C > such that 

\Et[<^{x,v)]~Etmy,v)]\ < C\x-y\ fovx,y€R"'. 

Thus 

]E[| g , v)]Ia^ (0 - Mx, v)h=c\'] 

1=1 

= E[Y^ (mt mx^ , v)] - [$(2^, v%=^?] 

i=l 

<]E[^+4||a>||L/[|5|>„]] 



C2 4||$|P ^ 
which imphes Et[$(^, 77)] = ]Et[<I>(a:, ■n)]x=(,- □ 
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5.2 Girsanov transformation 



We first consider the following G-BSDE driven by 1-dimensional G-Brownian 
motion: 

Yt=^ + bsZsds + J^ dsZsd{B),-J^ Z,dB, - [Kt ~ Kt), 

where {ht)t<T and {dt)t<T are bounded processes. For each ^ e Lq{Qt) with 
P > 1, define 

By Theorem 15. 11 we know that Et[-] is a consistent sublinear expectation. 

Theorem 5.2 (Girsanov Theorem) Let {bt)t<T and {dt)t<T be bounded pro- 
cesses. Then Bt := Bt — /g bgds — dsd{B)s is a G-Brownian motion under 
E. 

Proof. We only need to show that for each <f> e Gf,.Lip(K"); ti < ■ ■ ■ < tn, 
t[^{Bt,,Bt, - Bt,, . . . ,Bt^ - Bt^_,)] ^t[>^{Bt,,Bt, ~ Bt,, . . . ,Bt^ - Bt^_,)]. 

Step 1. We consider the case bs = b and dg = d. For each f G Ch.Lip(M), we 
define 

u{t,x) ^E[ip{x + Bt)]. 

Set u{t, x) = u{T — t, x) for fixed T > 0, by Theorem 14.51 we obtain u satisfies 
the following PDE: 

dtu — bdxU + bdxU + 2G{—ddxU + -d^^u + ddxu) = 0, u{T, x) — (p{x), 

i.e. dtu + G{dlxu) = 0, u{T,x) = <f{x). Thus E[<f{Bt)] = E\ip{Bt)\ for any 

Step 2. We consider the case &^ = YTiZl ^i^[tr,t?+i)(^)' = ^^"=0^ ^i^[tr,t?+i)(*)' 
where ^i, ry^ G Lip^flt^). For each S Cf,.Lip(M), we have 

n^piBt^j] = n^iBt^ + Bt^^^ - Bt. - e.(ir+i - o - ^.((5)*?+, - (s)*?))]- 

By (7) in Theorem 15. 11 we get 

= E[(^(x + Bt^^^ - Bt^ - b{tl^, - t^) - dmt^^, - (i3)tr))].=s,„,b=4.,d=,. 
= E[E[^{x + Bt^^^ - Bt^)l^B J. 

Repeat this process, we obtain E[(/3(i3tn^ J] — E[ip{Bt^^_^)]. Similarly, we can get 

Step 3. For general bounded processes (bt) and (dt), we can choose uniformly 
bounded processes (b^), (dj*) G M^'°(0,T) such that ||&"-6||jvj2 +||d"-rf||M2 -^■ 
0. By Proposition [2T5j we obtain the result by letting n — >■ oo. □ 
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Remark 5.3 Ifbg = 0, we know by Remark \3.S[ 

EtK] =IEt[Cexp(^ d,dBs-^J^ 

This type of Girsanov transformation was studied in \31\ 1 1 1}/ . but here we give 
a simple proof. If b^ ^ 0, we know by Theorem \3.2\ 

Et[e] =IEf [^exp(^ dsdB, - i ^ - ^ bsdsds 

+ bsdBs-^J^ 
where [B, B) is an auxiliary extended G-Brownian motion and 
G(A) = i sup tr 

We now consider the Girsanov transformation for the case d> \. Let Bt = 
{BlYl^-^ be a d-dimensional G-Brownian motion. We consider the foUowing G- 
BSDE: 

Yt=^ + l bsZsds + J^ d\^Zsd{B\B^)s- ZsdBs-{KT-Kt), 

where {bt)t<T and {d\^)t<T are R''-valued bounded processes. By Theorem 15. 11 
Et[^] := Yt is a consistent subhnear expectation. 

Theorem 5.4 (Girsanov Theorem) Let {bt)t<T o,nd {d^i)t<T beW^ -valued bounded 
processes. Then Bt :~ Bt — J^bgds — d^J d{B^ , B^) g is a d-dimensional G- 
Brownian motion under E. 

Proof. The proof is similar to Theorem 15.21 □ 
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